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1. INTRODUCTION
The theory of impulsive differential equations has been emerging as an
 w x.important area of investigation in recent years see 1 . In an earlier paper
w x2 we discussed the existence of solutions of two-point boundary value
problems for nonlinear second order impulsive differential equations in
Banach spaces. In this paper we shall use the fixed point theory to
investigate the existence and uniqueness of solutions of the initial value
 .problem IVP for nonlinear second order impulsive integro-differential
equations in the Banach space E:
¡ Y Xx s f t , x , x , Tx , Sx , t / t , . k
X<D x s I x t , x t , .  . .ts t k k kk~ 1 .X X<D x s I x t , x t , k s 1, 2, . . . , m , .  .  . .ts t k k kk
X X¢x 0 s x , x 0 s x , .  .0 0
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 . w x  .where f g C J = E = E = E = E, E ; J s 0, a a ) 0 ; 0 - t - ??? -1
X .  .t - ??? t - a; I , I g C E, E k s 1, 2, . . . , m ; x , x g E; andk m k k 0 0
at
Tx t s k t , s x s ds, Sx t s h t , s x s ds, 2 .  .  .  .  .  .  .  .  .H H
0 0
 .  . 4  .where k g C D, R , D s t, s g J = J: t G s , and h g C J = J, R , R
<  .the set of all real numbers. D x denotes the jump of x t at t s t , i.e.,ts t kk
< q yD x s x t y x t , .  .ts t k kk
 q.  y.  .where x t and x t represent the right and left limits of x t at t s t ,k k k
X < X . 1 .respectively, and D x has a similar meaning for x t . Let PC J, E sts tk
  .x: x is a map from J into E such that x t is continuously differentiable
 q. X y. X q.at t / t , left continuous at t s t , and x t , x t , x t exist, k sk k k k k
4 1 .1, 2, . . . , m . For x g PC J, E , by virtue of the mean value theorem
Xx t y x t y h g hco x t :t y h - t - t h ) 0 , 4 .  .  .  .k k k k
X  .it is easy to see that the left derivative x t exists andy k
X Xy1 yx t s lim h x t y x t y h s x t . .  .  .  .y k k k kqhª0
 . X . X  .In 1 and in the following, x t is understood as x t . Evidently,k y k
1 .PC J, E is a Banach space with norm
5 5 5 5 5 X 5 4x s max x , x ,P C1 P C P C
5 5 5  .5 5 X 5 5 X .5 Xwhere x s sup x t , x s sup x t . Let J sP C P Ct g J t g J
 4 1 . 2 X .J _ t , . . . , t . A map x g PC J, E l C J , E is called a solution of1 m
 .  .IVP 1 if it satisfies 1 .
2. SEVERAL LEMMAS
1 . 2 X .LEMMA 1. If x g PC J, E l C J , E , then
tX Yx t s x 0 q tx 0 q t y s x s ds .  .  .  .  .H
0
X Xq qq x t y x t q t y t x t y x t , t g J . 3 .  .  .  . 4 .  . k k k k k
0-t -tk
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Proof. We first show that
t X qx t s x 0 q x s ds q x t y x t , t g J . 4 .  .  .  .  . .H k k
0 0-t -tk
 .Assume that t - t F t here t s 0, t s a . Thenk kq1 0 mq1
t t1 2X Xqx t y x 0 s x s ds, x t y x t s x s ds, .  .  .  .  . .H H1 2 1
0 t1
???
t tk X Xq qx t y x t s x s ds, x t y x t s x s ds. .  .  .  . .  .H Hk ky1 k
t tky1 k
Adding these together, we get
k
t Xqx t y x 0 y x t y x t s x s ds, .  .  .  . . Hi i
0is1
 .i.e., 4 holds. Similarly, we have
tX X Y X Xqx t s x 0 q x s ds q x t y x t , t g J . 5 .  .  .  .  . .H k k
0 0-t -tk
 .  .  .Substituting 5 into 4 , it is easy to get 3 .
1 . 2 X .  .LEMMA 2. x g PC J, E l C J , E is a solution of IVP 1 if and
1 .only if x g PC J, E is a solution of the following impulsi¨ e integral equation
tX Xx t s x q tx q t y s f s, x s , x s , Tx s , Sx s ds .  .  .  .  .  .  .  . .H0 0
0
X Xq I x t , x t q t y t I x t , x t , t g J . .  .  .  .  . .  . k k k k k k k
0-t -tk
6 .
1 . 2 X .  .Proof. If x g PC J, E l C J , E is a solution of IVP 1 , then by
 .  .  .substituting 1 into 3 we get 6 .
1 .  .Conversely, assume that x g PC J, E is a solution of Eq. 6 . It is
clear that
< Xx 0 s x , D x s I x t , x t . .  .  . .ts t0 k k kk
 .By performing direct differentiation of 6 twice, we find
tX X Xx t s x q f s, x s , x s , Tx s , Sx s ds .  .  .  .  .  .  . .H0
0
X= I x t , x t , t / t , .  . . k k k k
0-t -tk
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and
xY t s f t , x t , xX t , Tx t , Sx t , t / t , .  .  .  .  .  .  . . k
2 X .which imply x g C J E and
X X X X<x 0 s x , D x s I x t , x t . .  .  . .ts t0 k k kk
X1 2 .  .  .Hence, x g PC J, E l C J , E and x is a solution of IVP 1 .
3. MAIN THEOREMS
Let us list some conditions.
 .H there exist nonnegative constants a , b , c , d , a , b , a , b1 0 0 0 0 k k k k
 .  .k s 1, 2, . . . , m and g g L J, R such thatq
5 5f t , x , y , z , w y f t , x , y , z , w .  .
5 5 5 5 5 5 5 5F g t a x y x q b y y y q c z y z q d w y w , .  /0 0 0 0
t g J , x , x , y , y , z , z , w , w g E,
5 5 5 5I x , y y I z , y F a x y x q b y y y , .  .k k k k
x , x , y , y g E k s 1, 2, . . . , m .
and
5 5 5 5I x , y y I x , y F a x y x q b y y y , .  .k k k k
x , x , y , y g E k s 1, 2, . . . , m . .
 . U  . m w .  .H aa a q b q ak c q ah d q  a q b q a y t2 0 0 0 0 0 0 ks1 k k k
 .xa q b - 1 andk k
m
Ua a q b q ak c q ah d q a q b - 1, .  .0 0 0 0 0 0 k k
ks1
where
< < < <k s max k t , s : t , s g D , h s max h t , s : t , s g J = J , 4  4 .  .  .  .0 0
and
a
Ua s g t dt. .H
0
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 .  .  .THEOREM 1. If conditions H and H are satisfied, then IVP 1 has1 2
 . 1 . 2 X .a unique solution x t in PC J, E l C J , E ; moreo¨er, for any z g0
1 .PC J, E , the iterati¨ e sequence defined by
z t s x q txX .n 0 0
t Xq t y s f x , z s , z x , Tz s , Sz s ds .  .  .  .  .  .  . .H ny1 ny1 ny1 ny1
0
X Xq I z t , z t q tyt I z t , z t .  .  .  .  . .  . k ny1 k ny1 k k k ny1 k ny1 k
0-t -tk
n s 1, 2, 3, . . . .
 .con¨erges to x t uniformly in t g J, and the sequence
tX X Xz t s x q f s, z s , z s , Tz s , Sz s ds .  .  .  .  .  .  . .Hn 0 ny1 ny1 ny1 ny1
0
Xq I z t , z t n s 1, 2, 3, ??? .  .  . . k ny1 k ny1 k
0-t -kk
X .con¨erges to x t uniformly in t g J.
Proof. Define operator A by
tX XAx t s x q tx q t y s f s, x s , x s , Tx s , Sx s ds .  .  .  .  .  .  .  .  . .H0 0
0
X Xq I x t , x t q t y t I x t , x t . .  .  .  .  . .  . k k k k k k k
0-t -tk
7 .
1 . 1 .It is easy to see that A is an operator from PC J, E into PC J, E and
tX X XAx t s x q f s, x s , x s , Tx s , Sx s ds .  .  .  .  .  .  .  . .H0
0
Xq I x t , x t . 8 .  .  . . k k k
0-t -tk
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 .  .  . 1 .By virtue of H , H , and 7 , we have, for x, y g PC J, E ,1 2
Ax t y Ay t .  .  .  .
t X XF t y s g s a x s y y s q b x s y y s .  .  .  .  .  .H 0 0
0
qc Tx s y Ty s q d Sx s y Sy s ds .  .  .  .  .  .  .  . .0 0
X Xq a s t yy t qb x t yy t .  .  .  . k k k k k k
0-t -tk
X Xq t y t a x t y y t q b x t y y t .  .  .  .  . .k k k k k k k
5 5 5 X X 5 5 5F a x y y q b x y y q ak c x y y P C P C P C0 0 0 0
t
5 5qah d x y y t y s g s ds .  ..P C H0 0
0
X X5 5 5 5q a x y y q b x y y P C P Ck k
0-t -tk
X X5 5 5 5q t y t a x y y q b x y y .  .P C P Ck k k
U 5 5 1F aa a q b q ak c q ah d x y y . P C0 0 0 0 0 0
m
15 5q a qb q ayt a qb xyy .  .  . P Ck k k k k
ks1
5 5 1s p x y y , t g J , 9 .P C1
where
p s aaU a q b q ak c q ah d .1 0 0 0 0 0 0
m
q a q b q a y t a q b - 1, 10 .  .  . . k k k k k
ks1
and so
5 5 5 5 1 1Ax y Ay F p x y y , x , y g PC J , E . 11 .  .P C P C1
 .  .  .Similarly, from H , H , and 8 , we obtain1 2
X X 115 5 5 5Ax y Ay F p x y y , x , y g PC J , E , 12 .  .  .  .P C P C2
where
m
Up s a a q b q ak c q ah d q a q b - 1. 13 .  . .2 0 0 0 0 0 0 k k
ks1
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 .  .It follows from 11 and 12 that
5 5 1 5 5 1 1Ax y Ay F p x y y , x , y g PC J , E , .P C P C
where
 4p s max p , p - 1. 14 .1 2
Hence, the Banach fixed point theorem implies that A has a unique fixed
1 . 1 . 5 5point x in PC J, E , and, for any z g PC J, E , z y x ª 0 asP C10 n
 .n ª `, where z s Az n s 1, 2, 3, . . . . By Lemma 2, this unique fixedn ny1
 . 1 . 2 X .point x is the unique solution of IVP 1 in PC J, E l C J , E , and
the theorem is proved.
 .  .  .THEOREM 2. Let conditions H and H be satisfied. Denote by x t1 2
X1 2 .  .  .  .and x t the unique solutions in PC J, E l C J , E of IVP 1 and the
IVP
¡ Y Xx s f t , x , x , Tx , Sx , t / t , . k
X<D x s I x t , x t , .  . .ts t k k kk~ 15 .X X<D x s I x t , x t , k s 1, 2, . . . , m , .  .  . .ts t k k kk
X X¢x 0 s x , x 0 s x , .  .0 0
respecti¨ ely. Then
y1 X X5 5 5 5 5 5x y x 1 F 1 y p x y x q a x y x , 16 .  .P C  .0 0 0 0
 .  .  .where p is defined by 10 , 13 , 14 , and
 4a s max a, 1 . 17 .
 .  .Proof. By Lemma 2, x t satisfies 6 and
tX X Xx t s x q f s, x s , x s , Tx s , Sx s ds .  .  .  .  .  .  . .H0
0
Xq I x t , x t , t g J , 18 .  .  . . k k k
0-t -tk
 .and x t satisfies
tX Xx t s x q tx q t y s f s, x s , x s , T x s , S x s ds .  .  .  .  .  .  .  . .H0 0
0
X Xq I x t , x t q t y t I x t , x t , t g J , .  .  .  .  . .  . k k k k k k k
0-t -tk
19 .
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and
tX X Xx t s x q f s, x s , x s , T x s , S x s ds .  .  .  .  .  .  . .H0
0
Xq I x t , x t , t g J . 20 .  .  . . k k k
0-t -tk
 .  .  .  .  .Arguing similarly to 9 , we have from 6 , 19 , and H , H ,1 2
X X5 5 5 5x t y x t F x y x q t x y x .  . 0 0 0 0
t X Xq tys g s a x s yx s qb x s yx s .  .  .  .  .  .H 0 0
0
qc T x s y Tx s q d Sx s y Sx s ds .  .  .  .  .  .  .  . .0 0
X Xq a x t y x t q b x t y x t .  .  .  . k k k k k k
0-t -tk
X Xq t y t a x t y x t q b x t y x t .  .  .  .  . .k k k k k k k
X X
15 5 5 5 5 5F x y x q t x y x q p x y x , t g J ,P C0 0 0 0 1
 .where p is defined by 10 , so1
X X
15 5 5 5 5 5 5 5x y x F x y x q a x y x q p x y x . 21 .P C P C0 0 0 0 1
 .  .  .  .In the same way, from 18 , 20 , and H , H , we get1 2
X X X X
15 5 5 5 5 5x y x F x y x q p x y x , 22 .P C P C0 0 2
 .  .  .where p is defined by 13 . It follows from 21 and 22 that2
X X
1 15 5 5 5 5 5 5 5x y x F x y x q a x y x q p x y x ,P C P C0 0 0 0
 .  .  .where a and p are defined by 17 and 14 respectively. Hence 16 holds,
and the theorem is proved.
1 . 5 5   .  .Remark 1. From 16 we know that x y x ª 0 i.e., x t ª x tP C
X X X X .  . .and x t ª x t uniformly in t g J as x ª x and x ª x . This means0 0 0 0
 .  .  .that, under conditions H and H , the unique solution of IVP 1 is1 2
continuously dependent on the initial values x and xX .0 0
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Remark 2. In the same way, we may discuss the IVP of the nth order
impulsive integro-differential equation in E:
¡ n. X ny1.x s f t , x , x , . . . , x , Tx , Sx , t / t , . k
X ny1.<D x s I x t , x t , . . . , x t , .  .  . .ts t k k k kk
X X ny1.<D x s I x t , x t , . . . , x t , .  .  . .ts t k k k k~ k
???
XUny1. ny1.<D x s I x t , x t , . . . , x t , k s 1, 2, . . . , m , .  .  .  . .ts t k k k kk
X X ny1. ny1.¢x 0 s x , x 0 s x , . . . , x 0 s x , .  .  .0 0 0
and obtain similar results.
4. EXAMPLES
EXAMPLE 1. Consider the IVP of finite system for scalar nonlinear
second order impulsive integro-differential equations
¡ Y Xx s f t , x , x , Tx , Sx , t / t , .i i k
X<D x s I x t , x t , .  . .ts ti i k k kk~
X X<D x s I x t , x t , k s 1, 2, . . . , m , .  .  . .ts ti i k k kk
X X¢x 0 s x , x 0 s x , i s 1, 2, . . . , n , .  .  .i i0 i i0
23 .
 .  .  .where f s f t, x, y, z, w , x s x , . . . , x , y s y , . . . , y , z si i 1 n 1 n
 .  . 1 n n n n .z , . . . , z , w s w , . . . , w , f g C J = R = R = R = R , R , J s1 n 1 n i
1 nw x .  .0, a a ) 0 , 0 - t - . . . - t - . . . - t - a, I , I g C R , R i s1 k m ik ik
.  .1, 2, . . . , n; k s 1, 2, . . . , m , and Tx and Sx are defined by 2 .
PROPOSITION 1. If
­ f ­ f ­ f ­ fi i i iF a , F b , F c , F d ,i j i j i j i j­ x ­ y ­ z ­ wj j j j
­ I ­ I ­ Iik ik ikF a , F b , F a ,i jk i jk i jk­ x ­ y ­ xj j j
­ Iik F b i , j s 1, 2, . . . , n; k s 1, 2, . . . , m , .i jk­ yj
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and
a2 a q b q ak c q ah d .0 0 0 0 0 0
m
q a q b q a y t a q b - 1, .  .  . k k k k k
ks1
m
a a q b q ak c q ah d q a q b - 1, .  .0 0 0 0 0 0 k k
ks1
where
n n n n
a s max a , b s max b , c s max c , d s max d ,   0 i j 0 i j 0 i j 0 i j
i i i ijs1 js1 js1 js1
n n n n
a s max a , b s max b , a s max a , b s max b ,   k i jk k i jk k i jk k i jk
i i i ijs1 js1 js1 js1
 .   .4  .then IVP 23 has a unique solution x t i s 1, 2, . . . , n , which can bei
obtained by taking limits from some iterati¨ e sequences.
n   .4 5 5 < <Proof. Let E s R s x s x , . . . , x with norm x s max x . Then1 n i
 .  .  .23 may be regarded as an IVP of form 1 , where x s x , . . . , x ,1 n
 .  .  .  .f s f , . . . , f , I s I , . . . , I , I s I , . . . , I , x s x , . . . , x ,1 n k 1k nk k 1k nk 0 10 n0
X  X X .and x s x , . . . , x . By mean value theorem, we have0 10 n0
f t , x , y , z , w y f t , x , y , z , w .  .i i
n ­ ­ ­ ­
s x yx q y yy q z yz q w yw .  .  .  . j j j j j j j j­ x ­ y ­ z ­ wj j j jjs1
=f t , xqu xyx , yqu yyy , zqu zyz , wqu wyw , .  .  .  . .i
where 0 - u - 1, so
< <f t , x , y , z , w y f t , x , y , z , w .  .i i
n
< < < < < < < <F a x y x q b y y y q c z y z q d w y w  /i j j j i j j j i j j j i j j j
js1
n n n
5 5 5 5 5 5F a xyx q b yyy q c zyz  i j i j i j /  /  /
js1 js1 js1
n
5 5q d w y w i s 1, 2, . . . , n . . i j /
js1
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Similarly, we have
n n
5 5 5 5I x , y y I x , y F a x y x q b y y y .  .  i k ik i jk i jk /  /
js1 js1
i s 1, 2, . . . , n .
and
n n
5 5 5 5I x , y y I x , y F a x y x q b y y y .  .  i k ik i jk i jk /  /
js1 js1
i s 1, 2, . . . , n . .
 .  .  . UHence, conditions H and H are satisfied for g t ' 1, a s a, a s1 2 0
max n a , b s max n b , c s max n c , d s max n d , ai js1 i j 0 i js1 i j 0 i js1 i j 0 i js1 i j k
n n ns max  a , b s max  b , a s max  a , and b si js1 i jk k i js1 i jk k i js1 i jk k
nmax  b , and our conclusion follows from Theorem 1.i js1 i jk
EXAMPLE 2. Consider the IVP of an infinite system for scalar nonlin-
ear second order impulsive integro-differential equations
t¡
Y Xx s sin np t y x q x .n n nq12n
2t t yt sy e x s ds .H n4 n q 1 . 0
2t x s ds .1 2 n 1y ln 1 q , 0 F t F 1, t / ;H 2 /n q 3 1 q t q s0~ 24 .
1
X1 1<D x s x y x , .  .ts1r2n n nq22 216
1
X X1 1<D x s x q x , .  .ts1r2n nq1 2 n2 28n
1 1
Xx 0 s , x 0 s y , n s 1, 2, 3, . . . . .  .  .n n¢ ’n n
 .   .4  .PROPOSITION 2. IVP 24 has a unique solution x t n s 1, 2, 3, . . .n
 .such that x t ª 0 as n ª ` for 0 F t F 1.n
  . 4 5 5Proof. Let E s c s x s x , . . . , x , . . . : x ª 0 with norm x s0 1 n n
< <  .  .sup x . Then 24 can be regarded as an IVP of the form 1 . In thisn n
w x .  . X situation, J s 0, 1 a s 1 , x s 1, . . . , 1rn, . . . g E, x s y1, . . . ,0 0
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yt s y1’ .  .  .  . y1r n , . . . g E, k t, s s e , h t, s s 1 q t q s , x s x , . . . ,1
.  .  . x , . . . , y s y , . . . , y , . . . , z s z , . . . , z , . . . , w s w , . . . ,n 1 n 1 n 1
.  .w , . . . , f s f , . . . , f , . . . , in whichn 1 n
t
f t , x , y , z , w s sin np t y x q y .  .n n nq12n
t 2 t
2y z y ln 1 q w , .n 2 n4 n q 1 n q 3 .
1  .  .and m s 1, t s , I s I , . . . , I , . . . , I s I , . . . , I , . . . with1 1 11 1n 1 11 1n2
1 1
I x , y s x y y , I x , y s x q y . .  .  .  .1n n nq2 1n nq1 2 n16 8n
 .  .It is clear that f g C J = E = E = E = E, E and I , I g C E, E . Since1 1
d d 2u
2< <sin u s cos u F 1, ln 1 q u s F 1, . 2du du 1 q u
we have
f t , x , y , z , w y f t , x , y , z , w .  .n n
t
F sin np t y x q y y sin np t y x q y .  .n nq1 n nq12n
2t t
2 2< <q z y z q ln 1 q w y ln 1 q w .  .n n 2 n 2 n4 n q 1 n q 3 .
t
< < < <F x y x q y y y .n n nq1 nq12n
t 2 t
< < < <q z y z q w y wn n 2 n 2 n4 n q 1 n q 3 .
1 1 1 15 5 5 5 5 5 5 5F t x y x q y y y q z y z q w y w .2 2 8 4
n s 1, 2, 3, . . . , .
so
5 5f t , x , y , z , w y f t , x , y , z , w .  .
1 1 1 15 5 5 5 5 5 5 5F t x y x q y y y q z y z q w y w . .2 2 8 4
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Similarly, it is easy to get
1 15 5 5 5I x , y y I x , y F x y x q y y y .  .1 1 16 16
and
1 15 5 5 5I x , y y I x , y F x y x q y y y . .  .1 1 8 8
U 1 1 .  .  .Hence, condition H is satisfied for g t s t a s , a s b s ,1 0 02 2
1 1 1 1c s , d s , a s b s and a s b s . Since k s h s 1, we see0 0 1 1 1 1 0 08 4 16 8
that
U 15aa a q b q ak c q ah d q a q b q a y t a q b s - 1 .  .  .0 0 0 0 0 0 1 1 1 1 1 16
and
U 15a a q b q ak c q ah d q a q b s - 1. .0 0 0 0 0 0 1 1 16
 .Consequently, H is also satisfied, and our conclusion follows from2
Theorem 1.
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